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Abstract
Adivergence result for Cesàromeans of spherical h-harmonics expansions with a product weight is proved
in this short note.
© 2007 Elsevier Inc. All rights reserved.
MSC: 42C05; 42C10; 33C45
Keywords: Cesàro means; Spherical h-harmonics; Jacobi polynomials
1. Introduction
Let Sd−1 = {x : ‖x‖ = 1} denote the unit sphere in Rd , where ‖x‖ denotes the usual Euclidean
norm. Let xj := x − 2〈x, j 〉j , j = 1, . . . , d, where j are the standard unit vectors of Rd ,
and 〈x, j 〉 denote the usual Euclidean inner product. Deﬁne a weight function h(x) as follows:
h(x) =
d∏
i=1
|xi |i , i0, x ∈ Rd .
Dunkl’s operators with respect to the weight function as above are deﬁned by (see [1])
Dif (x) = if (x) +
d∑
j=1
j
f (x) − f (xj )
〈x, j 〉 〈j , i〉, 1 id.
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The h-Laplacian operator is deﬁned by h = D21 + · · · + D2d , and it plays a role similar
to that of the ordinary Laplacian. We denote by a the normalization constant of h, a =
(
∫
Sd−1 h
2
 dd−1)−1, where dd−1 is the surface (Lebesgue) measure on Sd−1, and denote by
Lp(h2; Sd−1), 1p < ∞, the space of functions deﬁned on Sd−1 with the ﬁnite norm
‖f ‖,p :=
(
a
∫
Sd−1
|f (y)|ph2(y) dd−1(y)
) 1
p
.
Let Pdn denote the subspace of homogeneous polynomials of degree n in d variables. An
h-harmonic polynomial P of degree n is a homogeneous polynomial P ∈ Pdn such that hP = 0.
Furthermore, let Hdn(h2) denote the space of h-harmonic polynomials of degree n in d variables
and deﬁne
〈f, g〉 := a
∫
Sd−1
f (x)g(x)h2(x) dd−1(x).
Then 〈P,Q〉 = 0 for P ∈ Hdn(h2) and Q ∈ dn−1 (the d-variable polynomial space of total
degree no larger than n− 1). The spherical h-harmonics are the restriction of h-harmonics on the
unit sphere. It is known that dimHdn(h2) = dimPdn − dimPdn−1 with dimPdn =
(
n+d−1
d
)
. The
standard Hilbert space theory shows that
L2(h2; Sd−1) =
∞∑
n=0
⊕
Hdn(h2).
That is, with each f ∈ L2(h2; Sd−1) we can associate its h-harmonic expansion
f (x) =
∞∑
n=0
Yn(h
2
; f, x), x ∈ Sd−1,
in L2(h2; Sd−1) norm. The orthogonal projection Yn(h2) : L2(h2; Sd−1) → Hdn(h2) takes the
form
Yn(h
2
; f, x) := a
∫
Sd−1
f (y)Pn(h
2
; x, y)h2(y) dd−1(y),
where the kernel Pn(h2; x, y) is the reproducing kernel of the h-harmonic space Hdn(h2) in
L2(h2; Sd−1). The kernel Pn(h2; x, y) enjoys a compact formula in terms of the intertwining op-
erator between the commutative algebra generated by the partial derivatives and the one generated
by Dunkl’s operators. This operator, V, is linear and is determined uniquely by
VPdn ⊂ Pdn , V1 = 1, DiV = Vi , 1 id.
For any f ∈ Lp(h2; Sd−1) (1p < ∞), deﬁne its spherical h-harmonic expansion as
∞∑
n=0
Yn(h
2
; f, x), x ∈ Sd−1, (1)
where
Yn(h
2
; f, x) = a
∫
Sd−1
f (y)Pn(h
2
; x, y)h2(y) dd−1(y).
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The Nth Cesàro means of order  of the expansion (1) are deﬁned by
SN(h
2
; f, x) :=
N∑
n=0
AN−n
AN
Yn(h
2
; f, x) ∀N0, x ∈ Sd−1,
where An =
(
n+
n
)
.
In this short note, we consider the a.e. divergence of SN(h2; f, x). Our main result can be stated
as follows.
Theorem. Let h(x) = ∏di=1 |xi |i ,  = d−32 + ∑di=1 i , and qc = 4(+1)2+1 . Then, for each
1p < pc = (1 − q−1c )−1 = 4+42+3 , and 0 < 2+2p −  − 32 − min{1, . . . , d}, there exists
an f (x) ∈ Lp(h2; Sd−1), whose Cesàro means SN(h2; f, x) are divergent almost everywhere
on Sd−1.
When i = 0, i = 1, . . . , d, the result becomes the divergence of Cesàro means of the spherical
harmonic expansions, which was established in [5].
2. Proof of Theorem
Assume that P (,	)n (t) is the Jacobi polynomial of degree n orthogonal with respect to the
weight function (1 − t)(1 + t)	 in [−1, 1], normalized by P (,	)n (1) =
(
n+
n
)
. For the proof of
the Theorem, we need to introduce and prove some lemmas. In the following, some constants
which may depend on some parameters will always be denoted by A, although they do not mean
the same constants.
Lemma 1 (Markett [4]). For real numbers  > − 12 , 1q < ∞, and qc = 4(+1)2+1 , we have
(∫ 1
0
|P (,)n (t)|q(1 − t) dt
) 1
q
∼
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
n− 12 if q < qc,
n− 12 (log n)
1
q if q = qc,
n
− (2+2)
q if q > qc.
Lemma 2 (Szegö [6]). Let , 	 ∈ R, and  > 0. Then the following estimate holds uniformly for
all 
 −  and n1:
P
(,	)
n (cos 
) = n− 12 k(
) cos(Mn
 + ) + O(n− 32 ),
where k(
) = − 12 (sin 
2 )−−
1
2 (cos 
2 )
−	− 12 , Mn = n + (+	+1)2 , and  = − (+1/2)2 .
Lemma 3. Let , 	 ∈ R and let E be a subset of [−1, 1] with its Lebesgue measure on R,
|E| > 0. Then there exist a positive integer N and a constant A > 0 both depending only on E,
	, and  such that
sup
x∈E
|P (,	)n (x)|An− 12 for all nN.
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Proof. It is equivalent to prove that if E is a subset of [0, ] with its Lebesgue measure on R,
|E| > 0, then there exists a positive integer N and a constant A > 0 both depending only on E,
	, and  such that
sup

∈E
|P (,	)n (cos 
)|An− 12 for all nN.
Let  > 0 be small enough so that
E′ = E ∩ {
 : 
 − } = ∅ and |E′| > 0.
Then there exists a positive integer N depending only on E, 	, and  such that for all nN
sup

∈E
|P (,	)n (cos 
)| sup

∈E′
|P (,	)n (cos 
)|  1|E′|
∫
E′
|P (,	)n (cos 
)| d

 An
− 12
|E′|
∫
E′
| cos(Mn
 + )| d

 An
− 12
|E′|
∫
E′
cos2(Mn
 + ) d

= An
− 12
|E′|
∫
E′
1 + cos(2(Mn
 + ))
2
d
,
where the third inequality is obtained by Lemma 2, and A = 2min
∈E′ k(
) > 0 depends only
on E, 	 and . Noticing that∫
E′
1 + cos(2(Mn
 + ))
2
d
 → 1
2
|E′| as n → ∞,
the proof is completed. 
Lemma 4. Let y0 = (1, 0, . . . , 0) ∈ Sd−1 and let E ⊂ Sd−1 with its surface measure on Sd−1,
|E| > 0. Then there exist a positive integer N and a constant A > 0 both depending only on E, d
and i (i = 1, . . . , d) such that
sup
x∈E
|V[P (,)2n (〈·, y0〉)](x)|An−
1
2 −1 for all nN.
Proof. Using the formula (3.4) in [3], for x = (x1, . . . , xd) ∈ Sd−1,
V[P (,)2n (〈·, y0〉)](x) =
{
P
(,)
2n (x1) if 1 = 0,
O(n−1)P (−1,1−
1
2 )
n (2x21 − 1) if 1 > 0.
(2)
Let E1 = {x1 : (x1, . . . , xd) ∈ E} ⊂ [−1, 1], E2 = {2x21 − 1 : x1 ∈ E1}, and E′ =
{(x1, . . . , xd) ∈ Sd−1 : x1 ∈ E1}. It is easy to see that E ⊂ E′ ⊂ Sd−1. By the proof of
Lemma 3.8.1 in [2], we get
0 < |E| |E′| =
∫
E′
dd−1 =
∫
E1
∫
Sd−2
dd−2(1 − t2) d−32 dt.
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Therefore the Lebesgue measure of E1 and E2 on R is positive. Using (2) and Lemma 3, the
lemma is proved. 
Now we can prove our theorem.
Proof of the Theorem. Without loss of generality, we shall always suppose that 1 = min{1,
. . . , d} in the following. Assume that for any f ∈ Lp(h2; Sd−1) there exists a set E ⊂ Sd−1 of
positive surface measure such that
lim
N→∞ S

N(h
2
; f, x) = f (x) a.e. x ∈ E. (3)
We then need to show that the following inequality must be satisﬁed:
 2 + 2
p
−  − 1 − 32 . (4)
To show (4), we consider the Banach space
L
p
 [−1, 1] :=
{
g : ‖g‖pp, =
∫ 1
−1
|g(t)|p(1 − t2) dt < ∞
}
,
and the following linear functionals on Lp [−1, 1]:
cn(g) =
∫ 1
−1
g(t)P (,)n (t)(1 − t2) dt, n = 1, 2, . . . . (5)
Let y0 = (1, 0, . . . , 0) ∈ Sd−1. For g ∈ Lp [−1, 1], we deﬁne
g˜(x) = V[g(〈·, y0〉)](x), x ∈ Sd−1.
Then g˜ ∈ Lp(h2; Sd−1), and by Theorem 5.3.4 in [2],
Yn(h
2
; g˜, x) = dncn(g)V[P (,)n (〈·, y0〉)](x), (6)
where dn ∼ n.
On the other hand, (3) together with Theorem 3.1.22 in [7] and Egorof’s theorem implies that
there exist a subset E′ ⊂ E of positive surface measure and a constant A > 0 both depending
only on the function g and E, such that
sup
x∈E′
|Yn(h2; g˜, x)|An, n = 1, 2, . . . .
This combined with (6) and Lemma 4 gives
n
1
2 −1 |c2n(g)|  Ad2n|c2n(g)| sup
x∈E′
|V[P (,)2n (〈·, y0〉)](x)|
= A sup
x∈E′
|Y2n(h2; g, x)|An, nN,
where N is the positive integer in Lemma 4, and A > 0 is a constant depending only on E, d,
i (i = 1, . . . , d), and g. It follows that
sup
n
n
1
2 −1−|c2n(g)|A < ∞.
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Thus, applying the uniform boundedness theorem to the linear functionals c2n on the Banach
space Lp [−1, 1], we conclude that
sup
n
sup
‖g‖p,1
n
1
2 −1−|c2n(g)| < ∞.
However, by Lemma 1 and the deﬁnition (5) of cn(g), we have
sup
‖g‖p,1
|c2n(g)| =
(∫ 1
−1
|P (,)2n (t)|p
′
(1 − t2) dt
) 1
p′
∼ n− 2+2p′ ,
where p′ = (1 − 1
p
)−1. Therefore,
sup
n
n
− 2+2
p′ n
1
2 −1− < ∞,
and the desired inequality (4) follows. 
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